We study a system composed of N identical charged bosons confined in a harmonic trap. Upper and lower energy bounds are given. It is shown in the large N limit that the ground-state energy is determined within an accuracy of ±8% and that the mean field theory provides a reasonable result with relative error of less than 16% for the binding energy.
I. Introduction
We study a system composed of N identical bosons interacting via the Coulomb repulsive force, which are confined in an isotropic harmonic trap.
Investigations of charged Bose gases have been reported in number of papers [1] [2] [3] [4] [5] [6] [7] . In recent papers [6, 7] , the mean field theory for bosons in the form given in Ref. [8] was used to describe the ground state of a bosonic Thomson atom. Equivalence of the Coulomb systems in a harmonic trap to the Thomson atom model ("raisin cake" model) [9] was discussed in Refs. [6, 10, 11] .
The model approximately simulates a number of physical situations such as systems of ions in a three-dimensional trap (radio-frequency or Penning trap) [10, 11] , electrons in quantum dots [12, 13] , etc.
Since no exact general solution of the N-body problem has been found, to investigate validity of the mean-field approximation for the case of systems of charged bosons confined in a trap, we propose in this paper to compare the mean-field energy with lower and upper bounds. Such approach was used to establish the asymptotic accuracy of the Ginzburg-Pitaevskii-Gross ground state energy for dilute neutral Bose gas with repulsive interaction [14] .
We find that our lower and upper bounds provide the actual value of ground-state energy within ±8% accuracy. We also show that, for the case of large N, the mean-field theory is a reasonable approximation with a relative error of less then 16 % for the binding energy.
The paper is organized as follows. In Section II, we describe an outline of the mean-field method. Energy and single-particle density are found analytically in the large N limit. In Section III, we generalize a lower-bound method developed by Post and Hall [15] for the case of charged bosons confined in a harmonic trap. In Section IV, we describe the strong coupling pertubative expansion method. In Section V, we describe our calculation of upper bounds using the effective linear two-body equation (ELTBE) method [16] . In Section VI we consider the Wigner crystallization regime. A summary and conclusions are given in Section VII.
II. Mean-Field Method
To describe ground-state properties of a system of interacting bosons confined in a harmonic trap, we start from the mean-field theory for bosons in the following form given in Ref. [8] [−h
where Ψ( r) is the normalized ground-state wave function,
is a harmonic trap potential with
is the Hartree potential with an interacting potential V int ( r), and N is number of particles in a trap. The chemical potential µ is related to the mean-field ground-state energy E M and particle number N by the general thermodynamic identity
for N → ∞, where the mean-field ground-state energy E M is given by
(3) We note that the mean-field theory, Eq. (1), can not describe the Wigner crystalization regime [17] (see also Ref. [6] ).
We introduce dimensionless units by making the following transformations: (i) r → a r, where a = h/(mω), and (ii) the energy and chemical potential are measured in units ofhω.
Using the above dimensionless notation, we can rewrite Eq. (1) as
In the limit N ≫ 1, the nonlinear Schrödinger equation (4) can be simplified by omitting the kinetic energy, yielding the following integral equation
where r 2 < 2μ, and | Ψ( r) | 2 = 0, if r 2 > 2μ,μ is to be determined from the minimum of the energy functional
This method (Eq. (5)) is another possible implementation of the ThomasFermi treatment of neutral, dilute vapors [18, 19] . For review of the ThomasFermi theory of atoms see Ref. [20] .
To make a proper choice for the large-N limit of the Hamiltonian for bosons interacting via the Coulomb potential
with γ c = Z 2 α mc 2 /(hω) > 0, we rescale variables r = (Nγ c ) 1/3 z. Now we can rewrite Eq. (4) as
where
, and N ≫ 1. In the case Nγ c ≫ 1, the solution of Eq. (5) is found to be
where θ denotes the unit positive step function, and
Straightforward calculations with
Eq. (8) is obtained by neglecting
△ Ψ term in Eq. (7) and provides an accurate description of the exact solution where the gradients of the wave function are small. In a boundary layer of a narrow region near surface, the approximation (8) breaks down. We expect that the thickness of this boundary layer approaches zero as ǫ → 0. Recent numerical calculations [6] support our analytical results. Eq. (10) provides an upper bound for the ground state energy in the large N limit (N ≫ 1, and Nγ c ≫ 1).
III. Lower Bounds
In this section, we consider N identical charged bosons confined in a harmonic isotropic trap with the following Hamiltonian
Now we introduce the Jacobi coordinates
, the centerof-mass coordinate, and (i ≥ 2)
we can rewrite Eq. (11) as
Hence we have for the ground-state energy
where ψ( r 1 , r 2 , ... r N ) is the ground state-wave function. Using symmetric properties of ψ we can rewrite Eq. (16) as
Projecting | ψ > on the complete basis | n >, generated by the effective two-body eigenvalue problem
we get
Hence the ground state energy of the effective two-body hamiltonian H (0) , ǫ 0 , is a lower bound of E − 
. Eq.(19) is a generalization of the Post and
Hall lower-bound method [15] for the case of system of interacting particles confined in a harmonic trap. In the particular case of bosons with the Hooke interaction, this procedure, Eq . (19) , gives the exact value of the ground-state energy (see Appendix for details).
To find ǫ 0 for the Coulomb interaction case, Eq.(6), we need to solve the effective two-body problem
where λ = Nγ c /(2 √ 2), andǫ = ǫ 0 /(N − 1). For the case of λ < 1, the weak coupling pertubation (WCP) calculation leads to the ground state energyǫ given by [24] 
IV. Strong Coupling Pertubative Expansion
The two-body problem with the so-called spiked harmonic oscillator (SHO)
where r ≥ 0, and α is positive constant, has been the subject of intensive study [21] [22] [23] [24] [25] [26] [27] [28] . The quantity λ is a positive definite parameter, it measures the strength of the pertubative potential. It was found [22] that the normal pertubation theory could not be applied for the values α ≥ 5/2, so-called singular spiked harmonic oscillator. In Ref. [21] , a special pertubative theory was developed for this case. A strong coupling pertu bative expansion (SCP) (λ > 1)was carried out in Ref. [24] . In Ref. [27] the SCP was used for the case of α = 3. In Refs. [23, 26] , it was shown that the SHO problem with α = 1 is solvable analytically for a particular set of oscillator frequencies. For example, for λ = 1, we have [23] 
and for λ = √ 5 we have [26] 
Eq. (20) can be solved for the case of large λ using the SCP [24] . The idea of this method is to expand the potential V (ζ) = 
Substitution of Eq. (24) into Eq. (20) gives
where the nonpertubative Hamiltonian H 0 is given by
and pertubation H ′ is given by
with
, and z = (ζ − λ 1/3 ). Now φ andǫ can be written as
where 
The complete oscillator basis |ñ >, H 0 |ñ >= e n |ñ >, where z = (ζ − λ 1/3 ) is extended to the full real axis, is used to solve Eq.(30) with e 0 =ǫ (0) , and | 0 >= φ (0) . We note that the region −∞ < z ≤ −λ 1/3 is spurious. For large λ, it is expected that the harmonic oscillator basis does not penetrate too much into forbidden region z < −λ 1/3 . From Table I , we can see that the SCP converges very fast for λ > 2. However, for the case of λ = 1, it is certainly outside the convergence radius (see Table II ). Even in this case,ǫ 0 is still a good lower-approximation forǫ.
From the SCP expansion in the large λ limit we obtain in the large N limit (N ≫ 1, and Nγ c ≫ 1)
Combaining Eq. (31) with Eq.(10) we get in this limit
where E is the leading term of the ground-state energy. Hence the leading term of the ground state energy in the large N limit is determined within an accuracy of ±8%. We can therefore state that the mean field theory, Eq. (10), provides a reasonable result in this limit for the ground-state energy.
V. Upper Bounds
Our method for obtaining the upper bounds, the equivalent linear twobody equation (ELTBE) method [16] consists of two steps. The first is to give the N-body wave function ψ( r 1 , r 2 , ...) a particular functional form
. The second step is to derive an equation for Φ(ρ) by requiring that ψ( r 1 , r 2 , ...) must satisfy a variational principle δ < ψ | H | ψ >= 0, with a subsidiary condition < ψ | ψ >= 1. H is the Hamiltonian. This leads to the following equation
The lowest eigenvalue of H ρ (Eq. (34)) is an upper bound of the lowest ei genvalue of the original N-body problem. Since a variational estimate of the lowest eigenvalue of H ρ is also an upper bound of the ground-state energy of the original N-body problem, we have for this upper bound, E upper the following expression
Assuming the following form for the trial function Φ t ,
we obtain
where parameters α and p are to be determined from solution of the following equations
From Table III , we can see that for the case of Nγ c ≤ 100, the calculated bounds determine the actual value of the ground state energy within ±∆ accuracy, with ∆ < 9%.
VI. Large γ c Limit
To make a proper choice for the large γ c limit of the Hamiltonian, Eq. (11), we rescale variables, r → γ 1/3 c r, and write the Schrödinger equation for N identical charged bosons confined in a harmonic isotropic trap as
Eq.(40) describes the motion of N particles with an effective mass γ 4/3 c . Therefore, when γ c → ∞, the effective mass of the particles becomes infinitely large and then the particles may be assumed to remain essentially stationary at the absolute minimum of the potential energy
with quantum fluctuations around the classical minimum. Obviously this assumption fails if the potential energy V ef f does not possess a minimum and (or) gradients of the wave functions are large. This large γ c limit is the Wigner cristallization regime [6] . Interest in the investigation of the Wigner crystallized ground state has grown as a result of recently proposed quantum computer by Cirac and Zoller [29] . (See also Refs. [30] [31] [32] [33] ).
As we have already noted in Sec. II, mean-field theory, Eq.(1), can not describe crystallized ground state. Therefore we only can state that mean-field ground-state energy is an upper bound to the exact energy. Strightforward calculations for the case of γ c ≫ 1 give the Thomas-Fermi upper bound
From the SCP expansion, Eq. (24), we obtain in the large γ c limit a lower bound
Therefore for the leading term of the ground-state energy, E, we have
From Eq. (44) we can see that in the case of the Wigner crystallization regime, γ c ≫ 1, our bounds determine the ground-state energy within ±∆ accuracy, with ∆ ≈ 8% for N ≥ 100, ∆ ≈ 10% for N = 10 and ∆ ≈ 15% forN = 3. It shows that the mean-field theory, Eq.(10) provides a reasonable upper bound for N > 10 even in the large γ c limit. However the Thomas-Fermi treatment can not describe the crystallized ground-state wave function, since a small relative error of the mean-field ground-state energy does not necessarily imply that the mean-field (product) state describes the actual many body wave function well.
VI. Summary and Conclusion
In summary, we have generalized the Post and Hall lower-bound method [15] for the case of interacting bosons confined in a harmonic trap.
As examples of application, we have studied bosons interacting with Coulomb forces in a harmonic trapping potential. We have found the upper bounds using the mean-field approach and the ELTBE method [16] .
It is shown that the leading term of the ground state energy in the large N limit (N ≫ 1 and Nγ c ≫ 1) is determined within an accuracy of ±8%, and it is also shown that the mean-field theory provides a reasonable results with relative error of less than 16% for the leading term of ground state energy.
However the Thomas-Fermi treatment can not describe the crystallized ground-state wave function, since a small relative error of the mean-field ground-state energy does not necessarily imply that the mean-field (product) state describes the actual many-body wave function well.
In this Appendix we consider Hamiltonian [34] [35] 
which was used for a problem in nuclear physics in Ref. [36] . Using Eq. (14) and
we can rewrite Eq.(A.1) as 
